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THERMAL STRESSES IN A HEAT-SENSITIVE SPHERE

Yu. M. Kolyano and I. N. Makhorkin UDC 539.377

A solution is obtained for the quasistatic problem of thermoelasticity for a heat-~
sensitive sphere heated by a heat flux. Thermal stresses are investigated in a
steel sphere.

Let us examine an isotropic elastic sphere of radius R, free from external load but sub-
jected to sudden heating by a heat flux of constant density q. The initial temperature of
the sphere is zero. All the physicomechanical characteristics of the material except the
coefficient v are functions of the temperature.

For many materials [l] the temperature dependences of the heat conduction At(t) and
volume specific heat cy(t) coefficients are identical in nature, whereupon their coefficient
of thermal diffusivity is a = At(t)/c,(t) = const. Then by using the Kirchhoff variable

t'
o (1) = [ M ®rat (1)
0
the nonlinear heat-conduction problem is linearized. We consequently arrive at a boundary-
value problem for theKirchhoff variable:

L0 (00t _ 00" i
* 5 (p g | oFo’ (2)
* * o
WO o B ki, (Fo), 3
¢ ‘o=o 90 lo=1
@ (0, 0) =0, (4)
whose solution has the form [2]
. 3 — bp? 28N pL,p 9
9* =Ki| 3Fo — —=>— — " exp(— s Fo) |, (5)
[ 10 %1 Rap oS ]

where t* = t/to; p = r/R; Fo = at/R?; AE(tH) = At(t)/Aé°); Ki = qR/lé°)to is the Kirpichev
criterion; un are the roots of the characteristic equation tan u = u.
Knowing the expression for the Kirchhoff variable and the temperature dependence of the

heat-conduction coefficient, we can determine the temperature field in the sphere from the
relationship (1).
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To determine the thermal stresses occurring in the sphere, we use the formulas [1]

o, = G* (t*) [(1 Hv)%L—;—+2v—EL———(1-—v)(D*} ,

P
(6)
ou u *
6, = G, = G¥ () l:v———\————(l——v)(l) ],
0= % = o 0
where the displacement u satisfies the equation
9 d 1 3G [ @ AL _ oo~
2o Loy | + | T, _CD*}_ d ™
dp | Jp G*(t*) dpo | Op p {4
Here
U 1 —2v
:——,Ui:—————c" i:f, ,@.
RSt a6z, ot ® 9
t*
0 = LEY [ or myan, of (1) = 20, G = T
l—v o ]

We take the boundary conditions in the form
u}p:O =0, 0‘rip=1 = 0. (8)
To solve the boundary-value problem (6)-(8) we proceed as follows. We approximate the

functional dependence G*(t*) in its domain of definition to a given accuracy by the expres-
sion

G () = Gf+ ¥ (G —GF) Sy (15— ), @
i=1
where

th<tf < ... <ti <&, S¢(® = {1’ ==0

0, §0,
is the asymmetric unit function, and (tﬁ, tﬁ) is the temperature interval of the change in
shear modulus.

Substituting (9) into (7) and taking into account here that time plays the part of a
parameter in (7) while t*(p, 1) is defined for each specific case, we obtain at an arbitrary
fixed time

67 ,0 & Givivi —Citi [ ou ™ u
—_ — (0% e R A I
[p 5 )]+ > ( +

op = i1 dp l1—v o
. : or* o*
— ) By (F — 1) e = (10)
) +( qﬁ-/) ap ap
< ... << mint* <t < ... <tFim <
<maxt*<tft+mr+1< <f,’f, (1)

where

min#* = min *(p, 1), max{* = max #* (p, 1).
pel0,12 pel0,1]

Since t;%g(lsifﬁginﬁ satisfies (11) while t*(p, 1) is monotonic for PE[0, 1] and T€[0, o)
in our case, then the equation

£ (o, ) —tEi =0 (12)
has just one prime root Pq +j at each fixed time.
If the time is considered as a parameter, the following relationships are valid:

) (® —pqrﬂ)J »

0 qutis

*

" . ot
Selt* (o, D —tg+11= S+ [51gn+ ( %
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Ol 0, Dl 1= 001‘: °a11+f o [Sigm( ?;p P%H) (pﬂp"‘ﬂ)} . 43
In that case, taking account of (13) we have from (10)
myoGE o GE u £
—gp— {9‘2—(%(9%) ] + !}::1 —————Gq#’;;}j;ﬁ’ [%Z_ + 1_2_Vv - —fD*} ]qu+]slgn+( % ‘qu)
’ % a(I)*
x 0| siens (5 DW) (pquﬁ,.)} = -

Integrating (l4), we obtain

mn.

T G* N ___G* . 3 . t*
w0, W = b, 9 4 D) 3 e [ Bl s | sien. (2

(0—p -)}.
=1 8Gq+i+1 0 0p |Parti) ot
(15)
Substituting (15) into (6), we find expressions for the thermal stresses
2 ‘ (1+vC -
= (1 —2v)G* (t*) {———— + 307 [H(p, v) + D] —
0, = o= (1= G )| S0+ % H o,
m X 3
21 G,,"T+j+1—G:sz+f ( 1+ n 204714 ) %
j=1 26y it I—2v o?
X0lp, S [sign (at* >(p p )}}
o . — It
Pt | TR "o (oagt o (16)

Gy = 0g = (1— )G*(t*){—‘—l—lf_"—g%w—a[H(p,r)+D1—cD*(p,r)—

3
2 Girirt — Goti ( 4w Ogrti )

3qu+,+1 1 —9v p3
. ot* )
XO‘ID%‘H S+ [S]gn+ ( ap qu+j) (p - pfl-;‘i‘]')]} )
where
o
Hp, 9= [ 20*E vag of, = (a—”+ 2v _”-_m*) _
5 ol Op I—v o

Og.+i
= CK{H) L DRyt | gt glavt _ 31(;— 2\’) %
—

1w j—1 o
% ] . Li' (g+1) .
[ oy 3 bk [

o 2@v—1) [, 1 ;
K(G~;+l): 3 3 AN (g¢+i) .
2 B0 Poti -t - 12:1 i3 ;

(gt _ 2(@2v—1) 3 1 j_wl (1)
R S| o e g B Lok

i=1

Lo Gg it — G (1 v | 204 )
L A
G;;—H—{-I 1—2v pgt"*_j ’
I<j<<my); signim = 28, () — 1.

We find the integration constants C and D from the boundary conditions (8) in the form

C — Zeshiz — Gigyy

91813 — o3
, D 21413 23411
a11a22 a21a12

an

Q1099 — Q1045
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Fig. 1. Temperature dependence

of the shear modulus G*(t*) and its
approximation by unit functions for
different methods of selecting the
coefficients Gi.
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Fig. 2. Change in the temperature t* as a func-
tion of the radius p for different values of the
Fourier parameter Fo.

Fig. 3. Dependence of the stress % =%e on the
Fourier parameter Fo on the surface of a sphere
(b = 1).

where

Um = bym + Zym; biu=0; byy=1; bz =0;

1
Gam = by — Zym; by =T+"é;)—; Bay = —3; by = — 3H (1, ©);
o Grtit1 — Gl , o
Zim= ¥ 2 gl gs g [—sign (——— )]
,z, 3G ti+1 e "\ ap Pogti) |

& Gotir1 — Gy h( 14w arx
K,S,;qu) (h_ 293 ) S [S] n ( I ):l B
= 2671 1 —2v + ety | 5 | S Op Pagti

The temperature fields and the thermal stresses they impose in the steel sphere are in-—
vestigated by using (5) and (16), where the heat-conduction coefficient and the temperature
coefficient of linear expansion of the steel are linear functions while the shear modulus is
a quadratic function of the temperature [1, 3]:

A =1—Fkt* af =1+ yt*, G* = 1 — pt*’, (18)
where to = 333°C; kg = 0.132; v = 0.554; B = 0.125., Taking account of (18), the temperature
field of the sphere was here determined according to (1) from the formula

1

k*
while the temperature dependence of the shear modulus (18) was approximated in the tempera-
ture range (tﬁ, tﬁ) by the dependence (9), in which

sz:

4%

H4 =

(1 —V'1T—2k8%), a9
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InG* (155) — InG* (t§) i
In (1 +¢) }

-|

tg are roots of the equation G*(ti) —-G*(tﬁ)(l + e)n+’_i = 0, the coefficients G; are de-
termined by the relationships
G = G* (th), Gl = G* () (1 + "', i =T, 29
or
GF=G*E)(1l+e"T 7 i=T1 ntl, (21)

which assured approximation of the real dependence of the shear modulus (18) on the tempera-
ture with an excess or deficiency, respectively, € is the maximal relative deviation of the

approximating dependence (9) from the actual (18). Computations were performed for Ki = 1,

e = 6%, v =0.4.

The dependence of the dimensionless shear modulus (18) (solid curve) on the temperature,
as well as its approximation to 6% accuracy by (9), in which G¥ was determined by (20) or
(21) (solid and dashed step curves, respectively), are shown in Fig. 1. The change in the
temperature t* (solid curve) as a function of p is presented in Fig. 2 for different values
of the parameter Fo. The dash-dot lines denote the appropriate values of the temperature in
the case of a constant heat-conduction coefficient equal to the reference value.

The dependence of values of the dimensionless circumferential stresses 0¢=0e on the
sphere surface is represented in Fig. 3 as a function of the dimensionless parameter Fo. The
curves 1 correspond to stresses in the heat-semsitive sphere, when the coefficients G¥ in
(9) were determined by (20) or (21) (solid and dashed curves, respectively). Presented for
comparison in Fig. 3 are. analogous results when a) only the temperature dependence of the
heat-conduction coefficiemt was taken into account while all the rest were taken constant and
equal to appropriate reference values (curve 2) and b) all the characteristics were taken
constant and equal to appropriate reference values (dash-dot curve).

Analysis of the results obtained indicates that taking account of the temperature de-
pendence of the material characteristics results both in a quantitative and qualitative
change in the thermal stresses; neglecting the temperature dependence of the characteristics
results in significant error in the determination of the thermal stresses, which reach = 62%
in the case under consideration; utilization of the approximation of the shear modulus by
(9), in which Gf is determined by (20) or (21), results in a relative error in finding the
magnitude of the temperature stresses which does not exceed the accuracy of the approxima-
tion.

NOTATION

r, ¢, 8 , spherical coordinates; oi:(i=r, . 9), stress tensor components in the spherical
coordinate system; t, temperature field of the body; T, time; U, radial displacement; A¢(t),
heat-conduction coefficient; cy(t), volume specific heat; oy(t), temperature coeff1c1ent of
l%?ear expansion; G(t), shear modulus; v, Poisson ratio; g, heat-flux demsity; to, At, cv,
ay s Go, reference temperature, heat-conduction coefficient, volume specific heat, temperature
coefficient of linear expansion, and shear modulus, respectively.
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